A complexified Heisenberg's matrix group H C with entries from an infinitedimensional Hilbert space H and its application to the associated heat equation are considered. The Weyl-Schrödinger type irreducible representations of H C on the space L 2 χ of square-integrable scalar functions is described, where integrability is understood in relative to the invariant probability measure χ, satisfying Kolmogorov's consistency conditions on the infinite-dimensional group of unitary matrices U (∞) acted on H. The space L 2 χ is generated by Schur polynomials in variables on PaleyWiener maps, having the well-defined Fourier transform determined by χ Keywords. Heisenberg groups in infinite dimensions, Fourier analysis on infinitedimensional unitary groups
Introduction
A goal of this work is to investigate the complexified version of Heisenberg's group H C which consists of matrix-like elements X(a, b, z) written as (see [L, n. where H is an infinite-dimensional Hilbert space. In order to find its irreducible representation, it is used the space of square-integrable functions with respect to the invariant probability measure over the unitary group U(∞) acting on H. All such functions admit a superposition by means of Paley-Wiener maps which is called linearization (in sense [CZ] ). Farther, this approach is used to solve Cauchy's problem for the heat equation associated with H C and linearized over H. Earlier, infinite-dimensional Heisenberg groups was considered in [N] by using reproducing kernel Hilbert spaces. The Schrödinger representation of such groups with respect to Gaussian measures on real Hilbert spaces was described in [BB1, BB2, BB3] .
Looking historically, when instead of a unitary group is taken a linear space, a similar approach was used in the well-known works [B1, B2] . In the case of Wiener measures on infinite-dimensional linear spaces, suitable superpositions are analogous to WienerItô chaos expansions, and their Fourier images coincide with Segal-Bargmann spaces of entire analytic functions.
We consider the infinite-dimensional group U(∞) = Ť U(i) which is consisted of all subgroups U(i) of unitary i × i-matrices, acting irreducibly on a complex Hilbert space {H, · | · } with a fixed orthogonal basis (e i ). Further, L 2 χ = L 2 χ (U) is the Hilbert space of all functions f : U → C square integrable with respect to the probability measure χ defined on the projective limit (described in [Ne, Ol] :
consisting of virtual unitary matrices. The spase U can be interpreted as a precompactification of U(∞). The measure χ has a structure of the projective limit
of probability Haar's measures χ i on U(i) which is invariant under the right actions U(∞) × U(∞) on U. In other words, in accordance with [Ra] such measure χ satisfies the Kolmogorov consistency conditions in an abstract Bochner's formulation. To every h ∈ H it is assigned the Paley-Wiener map φ : It is shown that the following canonical linear isometry holds (Lem. 5.3),
where H 2 β is a Hardy space of entire analytic functions ψ * f (h) in variable h ∈ H generated by n-homogeneous orthogonal Hilbert-Schmidt polynomials e * λ ı := e * λ 1 ı 1 . . . e * λη ıη normalized as e * λ ı H 2
The symmetric tensor basic elements e
(associated with e * λ ı ) of a weighted boson Fock space Γ β (H) generated by H are normalized as e ⊙λ ı
of the linear mapping Ψ and the appropriate Taylor expansion of an entire analytic function ψ * f on H uniquely defined by element ψ f ∈ Γ β (H) (Lem. 6.2). Our further goal is to analyze the inverse isomorphism Ψ −1 which can be described by
has an unique solution w(r) = G r f for any finite sequence f from À L 2,n χ (U). The 1-parameter Gaussian semigroup G r can be presented in the form
where τ = (τ i ) belongs to the real abstract Wiener space {w 0 , · w 0 } endowed with the Wiener measure w, defined by injections l 2 w 0 c 0 , where (p ∼ n ) is convergent to the identity in w 0 , according to the known Gross theorem [Gr] .
Taking into account the isometries
by linearization over the Hilbert space H, we obtain (in Cor. 9.2) a unique solution of the appropriate nonlinear Cauchy problem
for any ψ * f in the space of Hilbert-Schmidt polynomials P β (H) = ř P n β (H), where w(r) = G r ψ * f and ∂ * e i generates the shift group T e i ψ * f (h) = ψ * f (h + e i ) with h ∈ H. Finally, note that this work is a significant extension of the previous publication [L] . The newness results from the observation that Schur polynomials with variables on PaleyWiener maps form an orthonormal basis in the space L 2 χ (U). This allowed us to investigate Weyl's systems of the considered Heisenberg group and associated initial value problems for heat equations in infinite dimensions.
Invariant probability measure on virtual unitary matrices
Let us describe, similarly to [Ne, Ol] , an invariant probability measure on the infinitedimensional unitary matrix group U(∞), based on Kolmogorov's consistency conditions expressed in terms of the Livšic transform. Let us consider the group :
with z m ∈ U(m) is defined by excluding Ol, Lem.3.1] . It is surjective Borel mapping with not continuous and no group homomorphism properties [Ol, Lem.3.11] . The projective limit
also has surjective Borel (no group homomorphism) projections
The elements u ∈ U are called the virtual unitary matrices. The right action
where m is so large that v, w ∈ U(m).
There exists the dense embedding U(∞) U which to each u m ∈ U(m) assigns the stabilized sequence u = (u k ) such that (see [Ol, n.4 
Hence, the space U we can considered as an extension of U(∞).
Suppose that each group U(m) is endowed with the probability Haar measure χ m . With the help of Kolmogorov's consistency theorem in abstract Bochner's formulation [Ra] , we define the probability measure on U, as the projective limit
where π m+1 m (γ m+1 ) means an image-measure (see, [Ol, Lem.4.8] , [Ra, Thm 2.2] , [T, Cor.4.2] ). As is known, the measure χ is Radon [T, Thm 2.5] .
By L ∞ χ (U) is denoted the space of χ-essentially bounded C-valued functions on U with the norm f ∞ = ess sup u∈U |f (u)|.
Moreover, the measure χ is invariant under the right action, which means that As is known (see [T, Thm 6] ), by Prokhorov's criterion there exists a Radon probability measureχ on lim
Let ε > 0 and K 1 ⊂ U(1) be a compact set such that
there exists a compact set
is well defined and by (2.5), 
Since the function (u,
by the Fubini theorem, where U 2 (m) := U(m) × U(m) . This equality instantly yields (2.4), because the internal integral on the right hand side is independent on g by virtue of (2.3) and ş
In the following, we will consider the Hilbert space L 2 χ (U) of functions f : U → C endowed with the norm
Orthogonal polynomials on Paley-Wiener maps
Let H be a separable complex Hilbert space with inner product · | · , norm · H = · | · 1/2 and an orthonormal basis {e i : i ∈ N 0 }. Its dual H * is identified with H via the conjugate-linear isometry * :
The Fourier expansion h = ř e * i (h)e i with e * i (h) := h | e i and h ∈ H holds. The tensor nth power H ⊗n , contained the linear span of all elements
n means its inner product. We everywhere suppose that H ⊗n is completed. Put ψ n := h ⊗n for h = h i and let H ⊗0 := C for n = 0.
Let S n be the group of n-elements permutations σ(ψ n ) = h σ(1) ⊗ . . . ⊗ h σ(n) . The symmetric tensor power H ⊙n ⊂ H ⊗n is defined to be a range of the orthogonal pro-
The embedding {h ⊗n : h ∈ H} ⊂ H ⊙n is total by virtue of the polarization formula [Fl, n.1 .5]
In what follows, let I η := {ı = (ı 1 , . . . , ı η ) ∈ N η : ı 1 < ı 2 < . . . < ı η } be a strictly ordered integer alphabet of length η = η(λ) and I = Ť I η contains all finite alphabets. 
and η(∅) = 1. An orthogonal basis in H ⊗n forms elements σ(e
by σ ∈ S n . Fix ı ∈ I η and let H ı ⊂ H be spanned by e ı 1 , . . . , e ıη . We can uniquely assigned to any semistandard tableau [ı λ ] with ı λ ⊢ n the basis element from H ⊗n ı for which there exists σ ∈ S n such that e
with η = η(λ). Taking all ı ∈ I , we get that the orthogonal basis of H ⊙n can be indexed by all semistandard λ-tabloids, as follows
The symmetric (boson) Fock space is defined to be the orthogonal sum Γ(H) = À n≥0 H ⊙n of elements ψ = À ψ n with the orthogonal basis e Y I := Ť e Yn I : n ∈ N 0 and the inner product
By tensor multinomial theorem the Fourier expansion in H ⊙n under the basis e
with e * λ ı := e * λ 1
holds. The linearly independent, so-called, coherent states
with h ⊗0 = 1 under the basis e Y I which is convergent, since e ⊙λ ı 2
To every element h ∈ H we assign the l 2 -valued function in variable u ∈ U,
which is well-defined, since (e * i (h)) ∈ l 2 and | u i (e 0 ) | e i | ≤ 1 for all i ∈ N 0 .
Definition 3.1. The mapping φ :
, with φ h defined by (3.5), will be called a Paley-Wiener map (similarly to the case of linear spaces). The element e 0 in (3.5) can be understood as a vacuum vector.
Check that this definition is correct. For any partition λ = (λ 1 , . . . , λ η ) ∈ N η of the weight |λ| = λ 1 + . . . + λ η we will assign the constant 
The system of χ-essentially bounded functions
χ (U) and the following equalities hold,
In particular, the Fourier expansion
Proof. First note that for any h ∈ H and m ∈ N 0 the series
contains only m nonzero summands. In result,
In fact, the finiteness of sums (3.8) follows from (2.1), since (π m • π
hold for all u ∈ U by virtue of the orthogonalities e 0 ⊥ e m+1 and u m (e 0 ) ⊥ e m+1 . For m + l with arbitraries l > 1 by induction.
By polarization formula (3.1) every function (3.7) is uniquely defined for any semistandard tableau [ı λ ] such that ı λ ⊢ n for all n. Let U(l) be the unitary subgroup acting on H ı = span e ı 1 , . . . , e ıη with η = η(λ) and l = ı η . Let π l : U → U(l) be the suitable surjective projection and χ l be the probability Haar measure on U(l).
and the known integral formula for unitary groups [R, n. 1.4 .9], we obtain
On the other hand, the invariant property (2.4) provide the formula
From (3.10) follows the orthogonality relations φ
. In this case, we have φ
Consider the case |λ ′ | = |λ| and η(λ
This proves that the system φ Y I is orthogonal.
Orthonormal basis of Schur symmetric polynomials
If ı λ ⊢ n with η(λ) = η, then t ı = (t ı 1 , . . . , t ıη ) means a complex variable. Let t λ ı := ś t λ j ı j . The n-homogenous Schur symmetric polynomial is defined as
where λ j = 0 for j > η. It can be rewritten as s
ı where the summation is over all semistandard Young tabloids [Fu, I.2.2] .
Let us construct an orthonormal basis in L 2 χ (U), consisting of Schur symmetric polynomials over Paley-Wiener maps. We uniquely assign to any ı ∈ I η the vector
be n-homogeneous functions in variable u ∈ U with λ ∈ N η and ı ∈ I η . Denote 
holds. For every h ∈ H the kernel (3.5) uniquely defines the conjugate-linear embedding
Proof. Taking into account (3.8) similarly as (3.9) with Haar's measure γ l , we obtain
characters of the unitary group U(l). Hence by Weyl's integral folmula the right hand side integral is equal to Kronecker's delta δ λµ [Pr, Thm 11.9 .1]. The family of finite alphabets ı ∈ I is directed and for any ı, ı ′ there exists ı ′′ such that ı ∪ ı ′ ⊂ ı ′′ . This imply that the whole system s 
In Lemma 2.1 it inductively was shown that for every ε > 0 there exists a compact set is determined via the relations : n ∈ N 0 endowed with the inner product defined by (5.1), i.e., 
and has a unique linear extension
Proof. Taking into account that β λ ≤ 1, we get the following inequalities
Thus, the series (3.2) and (3.3) are convergent in Γ β (H). This implies that the map- 
is contractive with dense range, since it decomposes onto the mappings
which are contracted with dense ranges where (j ⊗ j) * means adjoint of j ⊗ j. Hence,
Summing with coefficients 1/m!, we get T a exp(h)
β . This inequality and totality of {exp(x) : h ∈ H} in Γ β (H) imply the required inequality, as well as, that Γ β (H) is invariant under T a . It also follows the group property (5.2), since
has the isometric conjugate-linear extension Φ :
with the adjoint mapping
The following conjugate-linear isometries hold,
is well defined for a ∈ H. Now, use the expansion φ h+a = ř e * i (h + a)φ i . By Lemma 3.2 and Theorem 4.1 the mapping φ :
, extended onto T a exp(h) with any a ∈ H, admits the representation
. Consider the ordinary irreducible representation of permutation group S n on the Specht λ-module corresponding to the standard Young tableau [ı λ ] for which the following known hook formula (see [Fu, I.4 .3] ) holds,
, where
where polynomial terms are φ 
Corollary 5.4. Frobenius' formula implies that the set {φ
n h : h ∈ H} is total in L 2,n χ (U) and {exp φ h : h ∈ H} is total in L 2 χ (U).
Fourier analysis on virtual unitary matrices
Consider the isometry H * ⊙n β P ≃ P n β (H) (see e.g., [Fl, 1.6] ), where the space P n β (H) of β-weighted n-homogeneous Hilbert-Schmidt polynomials in variable h ∈ H is defined as the restriction to diagonal in H × . . . × H of the n-linear forms P • ψ n with the norm
, where is denoted
is provided by the mapping * : Γ β (H) ∋ ψ −→ ψ * ∈ H 2 β . As a consequence,
of the composition of exp(·) and · | ψ β .
Definition 6.1. The space H 2 β is defined as a Hardy space of β-weighted Hilbert-Schmidt entire analytic functions ψ * (h) in variable h ∈ H endowed with the inner product
The correspondence Φ : e ⊙λ ı ⇄ φ λ ı with λ ∈ Y and ı ∈ I η(λ) allows to define a conjugate-linear isometry Γ β (H) → L 2 χ (U). As a result, the appropriate isometry 
with summation over all semistandard tabloids
β is entire β-Hilbert-Schmidt analytic and can be uniquely written as
where is denoted
The following linear isometries, defined by linearizations via coherent states, hold
Proof. Taking into account (3.3) and (5.1), we conclude that every function ψ * ∈ H 2 β with ψ = À ψ n ∈ Γ β (H) and ψ n ∈ H ⊙n β has the appropriate expansion
On the other hand, in relative to the inner product · | · Γ , we have
Check the first equality in (6.2) by substituting (6.1) into the formula (6.2),
Hence, the second equality in (6.2) holds. Now, Lemma 5.3 yields (6.3).
H for any h ∈ H and the image of (4.3) coincides with L 2,1 χ (U).
χ (U) and may be written as follows
Similarly, applying Ψ to the Fourier expansion of E(h ′ , h), we obtain
Hence, by Lemma 5.
and its Taylor coefficients at zero d n 0f have the integral representations, respectivelŷ
Proof.
It particularly follows that for h = αx,
Differentiatingf (h) at α = 0 and using the n-homogeneity of derivatives, we get
Finally, we notice that the isometry L Proof. Enough to put f ≡ 1 and to replace h by h/2 in the formula (6.4).
Corollary 6.7. The conjugate-linear isometry * :
Corollary 6.8. For every function f ∈ L 2 χ (U) the Taylor expansion at zerô
has the coefficients
with summation over all standard Young tabloids
Proof. Applying Frobenius' formula [MD, I.7 ] to (3.5), (4.1) and (5.5), we obtain φ
Using (6.6) in combination with Theorem 4.1, we havê
where the derivative at zero may be defined as
In fact, for each zh with z ∈ C and ı λ ⊢ n with λ
is the Taylor coefficient off . Now, the Frobenius formula and Theorem 4.1 imply the first equality in (6.5). By Lemmas 6.2 and 6.4 the second formula in (6.5) holds.
Intertwining properties of Fourier's transform
The shift group on the Hardy space of analytic functions H 2 β is defined to be 
The generator of its strongly continuous subgroup
χ (U) and is closed, since a * is the same. The above relationships and following of these properties can be summarized as follows. 
and nonzero a, b ∈ H. Proof. Check these statements. Using that T * a and M a * mutually adjointed, we get
This together with the group property yields (7.3). Now, we prove the last statement. For any f ∈ L 2 χ (U) and h ∈ H, we have
) and t ∈ C by differentiation, we obtain
Taking into account (7.6) and the following equalities
Hence, for eachf from the dense subspace
β , including all polynomials generated by finite sums 
8 Weyl-Schrödinger representation of Heisenberg's group
We consider the infinite-dimensional complexified analog of the Heisenberg group H which consists of matrix elements X(a, b, t) for any a, b ∈ H and t ∈ C, and such that For convenience, we will use the quaternion algebra À = C ⊕ C of numbers ζ = (α 1 + α 2 ) + (β 1 + β 2 ) = α + β such that 2 = 2 = 2 = = −1, = = − , = − = , where (α, β) ∈ C 2 with α = α 1 + α 2 , β = β 1 + β 2 ∈ C and α ı , β ı ∈ R (ı = 1, 2) (see, i.e. [Pr, 5.5.2] ). Let us denote β := ℑζ, ζ = α + β ∈ À.
Consider the Hilbert space H ⊕ H with À-valued inner product a | b , a + b is a group isomorphism, since
On the other hand, let us define the suitable Weyl system
Using the commutation relation (7.7), we obtain
Hence, the mapping C × (H ⊕ H ) ∋ (t, h) −→ exp(t)W (h) acts as a group isomorphism into the operator algebra over H is densely-defined on
The Fernique theorem [Fe] , [Ku, Thm 3.1] implies that these exist ε, η > 0 such that the norm · w 0 satisfies the following conditions with a sufficiently large K > 0, for any Hilbert-Schmidt polynomial ψ * in vector variable h ∈ H.
